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THE THEORY OF CROSS-MODULATION O F  RADIOWAVES 

A. V. Gurevich 

~ ABSTRACT j ! q c ' z  7 
The percentage of cross-modulation i s  examined as a 

func t ion  of t h e  radiated power of t h e  i n t e r f e r i n g  s t a t i o n  
f o r  t h e  case of a s t rong in t e r f e r ing  wave. The top ic s  
of cross-modulation resonance near t h e  gyrofrequency and 
t h e  inf luence of t h e  e l ec t ron  ve loc i ty  d i s t r i b u t i o n  on 
t h e  phase of t h e  cross-modulation are a l so  considered. 

In t roduct ion  

Per turba t ions  caused by powerful radiowaves i n  t h e  ionosphere a f f e c t  
waves propagated i n  t h e  perturbed region. Spec i f i ca l ly ,  i n  t h e  case 
when t h e  per turbing wave i s  amplitude modulated wi th  a low frequency Q, 
then t h e  per turba t ions  which it causes i n  t h e  plasma are modulated, and, 
hence, so a r e  o the r  waves which have passed through t h e  perturbed region. 

I 

, This  phenomenon i s  known a s  cross-modulation, o r  t h e  Luxemburg e f f e c t .  

The theory of t h e  Luxemburg e f f ec t ,  f i r s t  formulated by Bai ley and 
Martyn i n  Ref. 1 (see Refs. 2-7 a l s o ) ,  p red tc t s  t h a t  t h e  depth p 1  and 
t h e  phase 9' of t h e  cross-modulation w i l l  exh ib i t  a d e f i n i t e  dependence 
on t h e  modulation frequency Q and a l s o  on t h e  c a r r i e r  frequency o 
t h e  power P of t h e  i n t e r f e r i n g  wave. 

and 1 

The dependence of t h e  depth and phase of cross-modulation on t h e  
modulation frequency and t h e  percentage of modulation of t h e  per turbing 
wave was inves t iga ted  experimentally i n  Refs. 8-10; experimentation has, 
i n  general ,  agreed w e l l  w i th  the  conclusions of theory.  The percentage 
of cross-modulation as a func t ion  of the power of t h e  i n t e r f e r i n g  sta- 
t i o n  was examined i n  Refs.  8, 5 ,  ll; it w a s  shown t h a t  p' i s  propor t iona l  
t o  P r i g h t  up t o  P = 520 kw, t h e  m a x i m u m  rad ia ted  power i n  use.  A com- 
par ison of these  r e s u l t s  with theory (Refs. 4, 5 )  l ed  t o  t h e  conclusion 
t h a t  a wave of rad ia ted  power up t o  520 kw i s  weak, i .e . ,  it changes t h e  
e f f ec t ive  e l ec t ron  temperature i n  t h e  ionosphere only t o  an i n s i g n i f i -  

agree w e l l  wi th  t h e  results of calculat ion,  nor with t h e  results of 
cailt degree (less iilan i o  pei-ceiit), m . 2 -  l l l L 3  G " L d U 3 L " ' L ,  ---- . - - z - -  hG-vevci-, does no t  
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o t h e r  experiments. 
modulation reached 0.2 a t  s u b s t a n t i a l l y  l e s s  power, P-150 kw, which i s  
possible  only if t h e  e f f e c t i v e  e l e c t r o n  temperature i n  t h e  ionosphere 
changes by 20-50 percen t . l  

For example, i n  Ref. 8, t h e  percentage of cross-  

Experimental research  i n t o  the  dependence of t h e  percentage Of 
cross-modulation on t h e  frequency of t h e  per turbing wave w 

dedicated,  mainly, t o  t h e  quest ion of t h e  resonant increase  i n  t h e  per-  
centage of  cross-modulation which theory p r e d i c t s  near  t h e  gyrofrequency 
( a t  wl- uH = eH/mc). However, t h e  r e s u l t s  of t h i s  research  are contra-  

d ic tory :  t he  indicated resonance has been observed i n  Refs. 15, 16, 
whereas i n  Refs. 5 ,  11, 17 no i n t e n s i f i c a t i o n  of t h e  cross-modulation 
a t  a l l  was recorded i n  t h e  v i c i n i t y  of t h e  gyrofrequency; p a r t  of  t h e  
work on this  problem yielded no d e f i n i t e  results (Refs. 9 ,  18). 
a l s o  t h a t ,  a s  pointed out  i n  R e f .  7, Sect ion 110, experimental  r e s u l t s  
do not  support  y e t  another  conclusion of theory which states t h a t  f o r  
per turbing waves of very low frequency (w,<%) ,  t h e  percentage of 

has been 1 

We note  

h 

-2 
cross-modulation m u s t  decrease,  p ropor t iona l  t o  w , wi th  an increase  
i n  0 

1 
1' 

Hence, w e  can conclude t h a t  t h e  e x i s t i n g  theory does not  agree w e l l  
wi th  experiment on t h e  quest ion of t h e  dependence of t h e  percentage of 
cross-modulation on t h e  frequency of t h e  i n t e r f e r i n g  wave. 
hard t o  see one poss ib le  reason f o r  t h i s  l ack  of agreement. A s  a matter 
of f a c t ,  i n  de r iv ing  t h e  f i n a l  equations,  t h e  theory  assumes, f o r  s i m -  
p l i c i t y ,  t h a t  t he  percentage of cross-modulation i s  propor t iona l  t o  t h e  
per turba t ion  caused by t h e  i n t e r f e r i n g  wave a t  a c e r t a i n  "average" po in t  
i n  t h e  region of i n t e r a c t i o n .  However, under such an assumption it i s  
impossible t o  obta in  t h e  c o r r e c t  dependence of  t h e  percentage of c ross -  
modulation on the  frequency of t h e  d i s t u r b i n g  wave w 

It i s  not  

This  i s  because, 1' 

'In t h i s  regard,  Huxley i n  R e f .  12 developed a new "a l t e rna t ive"  theory,  
which led t o  a l i n e a r  dependence of pt  on P f o r  a s t rong  i n t e r f e r i n g  
wave, while t he  dependence of p' on P i n  a weak f i e l d  t u r n s  out  t o  be 
markedly nonl inear .  Since t h e  l a t t e r  conclusion i s  i n  d i r e c t  contra-  
d i c t i o n  wi th  experiment (Refs. 8, 13), Huxley la ter  p r a c t i c a l l y  denied 
the  proposed theory (Ref. 14 ) .  We might a l s o  add t h a t  t h e  conclusion 
about the l i n e a r  dependence of p' on P i n  t h e  " a l t e r n a t i v e "  theory i s  
not  t rue  f o r  t he  case of a s t rong  i n t e r f e r i n g  wave, s ince  i n  working out  
h i s  theory Huxley did not  make allowance f o r  t h e  s e l f - i n t e r a c t i o n  of t h e  
i n t e r f e r i n g  wave (see below) . 
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with a change i n  t h e  frequency o 

by t h e  wave a t  an "average" point  i n  the region of i n t e r a c t i o n  substan- 
t i a l l y  change, b u t  a l s o  t h e  e f f ec t ive  dimensions of t h e  region i tself  
change. The l a t t e r  circumstance m u s t  be taken i n t o  account i n  t h e  
theory.  It i s  poss ib le  t o  accomplish t h i s  most completely by summing 
( in t eg ra t ing )  t h e  inf luence of t h e  per turbat ions on t h e  wave experi-  
encing cross-modulation over t h e  whole region of i n t e rac t ion .  

not  only does t h e  per turba t ion  caused 
1' 

Further ,  a s  was noted above, t h e  problem of t h e  cross-modulation 
f o r  t h e  case of a very powerful ("strong", according t o  R e f .  19) i n t e r -  
f e r i n g  wave, which s u b s t a n t i a l l y  changes t h e  e f f e c t i v e  temperature of 
t h e  e l ec t rons  i n  t h e  plasma, i s  a l s o  important f o r  experiment. How- 
ever,  t h e  e x i s t i n g  theory given by Refs. 2, 6 i s  not  s u f f i c i e n t l y  ac-  
cu ra t e  i n  t h i s  case f o r  t h e  following reasons. I n  t h e  f i r s t  place,  it 
does not allow f o r  t h e  f f se l f - in t e rac t ion"  of t h e  i n t e r f e r i n g  wave, 
whereas an allowance f o r  t h e  s e l f - i n t e r a c t i o n  of a s t rong  i n t e r f e r i n g  
wave i s  necessary i n  t h e  theory of cross-modulations. A s  a matter of 
f a c t ,  a s  i s  shown i n  Refs. 19, 20, t h e  amplitude of t h e  f i e l d  vol tage,  
t h e  depth and phase of t h e  modulation of a s t rong wave i n  plasma are 
subs t an t i a l ly  dependent on i t s  power and on t h e  frequency of t h e  wave; 
a l l  t h i s  cannot he lp  b u t  be evidenced in  t h e  depth and phase of c ross -  
modulation. Secondly, t h e  per turbat ions caused i n  t h e  plasma by a 
s t rong wave a r e  not l i n e a r l y  dependent on i t s  power, and t h i s  circum- 
s tance  demands an " in tegra l"  examination ( a s  indicated above) i n  t h e  
computation of t h e  dependence of t h e  percentage of cross-modulation 
on t h e  rad ia ted  power of t h e  d is turb ing  s t a t i o n .  

Such an i n t e g r a l  examination is car r ied  out  below i n  Sect ions 1 and 
2 of t h e  present  work. 
t i o n  depth p f  are obtained f o r  t h e  case of a s t rong  per turbing wave, 
considering i t s  se l f - in t e rac t ion ;  t h e  dependence of p f  on t h e  rad ia ted  
power of t h e  i n t e r f e r i n g  s t a t i o n  i s  examined. I n  Sect ion 2, t he  t o p i c  
of cross-modulation resonance i n  t h e  v i c in i ty  of t h e  gyrofrequency i s  
examined. It i s  shown t h a t  t h e  r e s u l t s  of  t h e  theory agree w e l l  wi th  
t h e  experimental  d a t a  ava i l ab le  a t  t h e  present  t i m e .  

I n  Sect ion 1, expressions f o r  t h e  cross-modula- 

I n  Sect ion 3, t h e  phase of the  cross-modulation as a func t ion  of 
t h e  modulation frequency of t h e  in t e r f e r ing  wave i s  found, tak ing  i n t o  

'Such an " in t eg ra l "  examination was carr ied out  by Shaw i n  R e f .  5 ( see  
a l s o  Refs. 4, 13). 
and l ed  t o  inco r rec t  conclusions: f o r  example, t h e  au tho r ' s  conclusion 
t h a t  t h e r e  i s  no resonance of t h e  cross-modulation a t  t h e  gyrofrequency 
i s  false. 

However, it was not s u f f i c i e n t l y  w e l l  developed, 
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account t he  e l ec t ron  ve loc i ty  d i s t r i b u t i o n  i n  t h e  ionosphere; a devia-  
t i o n  i s  obtained from t h e  well-known r e s u l t s  of theory which does not  
take in to  account t h e  e l e c t r o n  ve loc i ty  d i s t r i b u t i o n  ( R e f .  1). 
l y ,  the devia t ion  can be checked experimentally.  

Apparent- 

1. Cross-Modulation f o r  t h e  Case of a Strong Perturbing Wave 

Let a s t rong wave approach t h e  boundary of t h e  plasma 

(1) E, = Eo ( I  + Po cosQt) COSW, t .  

Under the influence of i t s  e l e c t r i c  f i e l d ,  as t h e  wave propagates i n  t h e  
plasma, both constant  and time-varying (with frequency 5 2 )  per turba t ions  
of t he  e f f e c t i v e  e l ec t ron  temperature arise. Due t o  t h i s  t h e  absorpt ion 
of t h e  second wave, 

cos w t, E2 = E20 2 

propagating i n  t h e  perturbed region changes. 
w i th  t h e  same modulation frequency 52. 

It is ,  therefore,modUlated 

F i r s t ,  we w i l l  examine t h e  case of low frequency modulation Q<b, 
where Y i s  t h e  e f f e c t i v e  c o l l i s i o n  frequency of an e l e c t r o n  (Ref. 7, 
Section 61; Ref. 21), and b i s  the  mean f r a c t i o n  of energy t ransfer red  
by t h e  e l ec t ron  t o  a molecule i n  one c o l l i s i o n ;  f o r  t h e  ioriosphere 

b % P ~ O - ~ .  
t h e  percentage of cross-modulation ( tak ing  t h e  s e l f  - i n t e r a c t i o n  i n t o  ac-  
count) by making t h e  following simple considerat ions.  
a perturbed l aye r  i n  t h e  plasma of th ickness  dz (from z t o  z + d z ) .  The 
percentage of cross-modulation of t h e  wave E , passing through t h i s  

l aye r ,  increases  by dp ' ;  from t h e  d e f i n i t i o n  of t h e  percentage of cross-  
modulation it follows t h a t  

I n  t h i s  case, it i s  not hard t o  ob ta in  t h e  expression f o r  

W e  w i l l  examine 

2 

where E 

which are  taken on by t h e  t i m e  varying wave f i e l d  E2 a t  po in t  z .  Assume 

t h a t  the percentage of modulation of t h e  i n t e r f e r i n g  wave a t  po in t  z i s  
not  large ( p 4  1). 

and E 
anax &in 

are r e spec t ive ly  t h e  maximum and minimum values 

Then r e c a l l i n g  t h a t  E = E (E i pE1) and anax 2 1 
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= E (E f pE ) ( t h e  upper s ign  i s  chosen f o r  w Y, t h e  lower 
E a i n  2 1 1 2 

w < Y) and expanding E2(CI) i n  equation (2) i n  a power series i n  p., w e  

f ind  t h a t  

2 

Furthermore, assuming p.' = p.'(El) (i .e.,  dp'/dz = O),' then from equa- 
t i o n  ( 2 ' )  it follows t h a t :  

dp' = d [P ( ~ , / ~ l ) P - o 1 % / ~ 1 ~  

where x and x 2 1 

a t  poin t  z. Taking advantage of t he  f a c t  t h a t  a t  t h e  boundary of t h e  
plasma ( i . e . ,  a t  z = 0) p.' = 0, and making allowance f o r  t h e  change i n  
t h e  percentage modulation of t he  in t e r f e r ing  wave i n  the  plasma on ac-  

are t h e  absorpt ion coe f f i c i en t s  of t h e  waves E2 and El 

count of self - in t e rac t ion  (Ref .  20 shows t h a t  
f i n a l l y  obtain:  

p=p015(Z)/x1(0)]) t w e  

. 
I This supposit ion,  as can be seen from formula (3), i s  j u s t i f i e d  i f  t h e  
following condi t ions are f u l f i l l e d :  t h a t  t h e  plasma temperature, t h e  
e f f e c t i v e  e l ec t ron  c o l l i s i o n  frequency, and a l s o  t h e  r a t i o  of t h e  ind ices  
of r e f r a c t i o n  of t h e  waves E 

in t e rac t ion .  
can be considered t o  be w e l l - f u l f i l l e d .  
frequency of an e l e c t r o n  can change considerably i n  t h e  region of i n t e r -  
ac t ion .  Therefore, computation of t h e  percentage of cross-modulation 
according t o  formula (3) f o r  high values of w1 and w 

of constant  c o l l i s i o n  frequency i s  immaterial), i s  genera l ly  speaking 
more accura te  than f o r  low frequencies.  F ina l ly ,  t h e  condi t ion t h a t  t h e  . 
r a t i o  of t h e  ind ices  of r e f r a c t i o n  be constant i s  u n f u l f i l l e d  only i n  t h e  
case when t h e  poin t  of r e f l e c t i o n  of the  waves El o r  E2 i s  contained 

wi th in  t h e  reg ion  of i n t e rac t ion ;  t h e  question of t h e  inf luences of per-  
turbances i n  t h e  v i c i n i t y  of t h e  point  of r e f l e c t i o n  E i s  handled la te r  2 on i n  Sec t ion  2. 

and E2 do not  change much i n  t h e  region of 1 
I n  t h e  ionosphere t h e  condition of constant  temperature 

On t h e  o the r  hand, t h e  c o l l i s i o n  

(when t h e  condi t ion 2 
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Here it i s  assumed t h a t  x and i n  a l i k e  manner x i s  def ined by t h e  
expression: 

1' 2' 

where e and m a r e  the  charge and mass of t h e  e l ec t ron ,  N i s  t h e  e l e c t r o n  
dens i ty ,  n i s  t h e  c o e f f i c i e n t  of r e f r a c t i o n  of t he  wave E Y i s  t h e  

e f f e c t i v e  c o l l i s i o n  frequency of an e l ec t ron  i n  t h e  unperturbed plasma 
(Ref. 7, Sect ion 61), while 

1 1' 0 

i s  the  quan t i ty  which g ives  t h e  e f f e c t i v e  temperature, T e f f , o f t h e  e l e c -  

t r o n s  i n  t h e  plasma under t h e  inf luence  of an unmodulated i n t e r f e r i n g  
wave E I n  equation (3 I ) ,  E i s  the  f i e l d  vol tage  amplitude of t h e  per -  1' 

turbing wave f o r  pLo=O; EL=1/3k Tmi((":+v;)/e 

t r i c  f i e l d  f o r  t he  plasma (Refs. 19, 2 0 ) ,  T i s  t h e  temperature of t h e  
plasma, and k i s  t h e  Baltzmann constant .  The quan t i ty  T ,  a s  i s  c l e a r  
from equation ( 3 ' ) ,  i s  a monotonically increas ing  func t ion  of E, con- 
sequently on t h e  boundary of t h e  plasma where E = Eo, T i s  maximum and 

equals .r(E0) = T 

creases  t o  the  value T = 1 (see  Ref.  19). 

i s  t h e  c h a r a c t e r i s t i c  e l e c -  

i n  t h e  i n t e r i o r  of  t h e  plasma T monotonically de-  
0;  

Equation (3) de f ines  an i n t e r e s t i n g  dependence of  t h e  percentage of 
cross-modulation on t h e  amplitude E 

a ry  of t h e  plasma, i . e . ,  on t h e  rad ia ted  power, P, of t h e  i n t e r f e r i n g  
s t a t i o n .  
only in  t h e  case of a weak per turb ing  f i e l d .  Actually,  as i s  c l e a r  from 
equation (3) ,  i n  a s t rong  f i e l d  and f o r  high f requencies  of w 

01 (m:>>.$$; w;>$$), t he  percentage of cross-modulation does not  exceed 

of t h e  per turb ing  wave a t  t h e  bound- 
0 

A s t r i c t l y  l i n e a r  growth of as a func t ion  of P occurs  here  

and 1 

t h e  constant value .p'=p,n,w:/n,wi , no matter  what t he  power of t h e  i n -  

t e r f e r i n g  s t a t i o n .  
ure  l a  ( t h e  curves a r e  constructed f o r  var ious  values  of K1, where K 

2s x,,ds 

This  i s  a l s o  apparent from t h e  curves drawn i n  Fig-  
= 

i s  the  t o t a l  absorp t ion  of  t h e  per turb ing  wave i n  t h e  reg ion  
1 

C 
AS 
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2 
t h e  r a t i o  (E  /E ) , propor t iona l  t o  of i n t e r a c t i o n  of t h e  r ad io  waves; 

o n  

P, i s  p lo t t ed  along t h e  absc i s sa ) .  

t o  consider  t h e  frequency of t h e  per turbing s t a t i o n  as high 

I n  the  case when it i s  not  poss ib le  

(U$<V;T:), 

p '  i nc reases  wi th  P a t  less than a l i n e a r  rate. 
dependence of p '  and P appears p a r t i c u l a r l y  c l e a r l y  when t h e  frequency 

of t h e  wave E '  cannot be considered high: V;<U;<V;T$ . I n  t h i s  case,  as 2 

can be seen from Figure l b ,  p '  can decrease as P increases  and even reach 

zero a t c o , = v ~ ~ ~ .  

However, t h e  nonl inear  

A t  t h i s  po in t  t h e  phase of  t h e  cross-modulation changes 

by JC. 
I n  a weak f i e l d  ("<En) 2 2  formula (3) l eads  t o  t h e  expression 

( 4 j  

which agrees  wi th  t h a t  obtained e a r l i e r  i n  Refs. 4, 5.  The ca lcu la ted  
value of p ' ,  according t o  formula (4), i s  p lo t t ed  wi th  t h e  broken l i n e  
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i n  Figure 1. 

use of formula (4) leads  t o  an increased value of p' (by 1.6-2 t imes),  
while  f o r  E The d o t  and dash l i n e s  i n  

t h e  same Figure p l o t  t h e  dependence of IJ-' on (Eo/En)2 which was obtained 

i n  previous works (Refs. 2, 6). 
t h e  se l f - in t e rac t ion  of t h e  per turbing wave and the  necess i ty  of i n t e -  
g ra t ing  over t h e  whole region of i n t e r a c t i o n  ( see  In t roduct ion)  The 

curves a re  constructed so t h a t  f o r  a weak f i e l d  (Eo<-En), t h e  results 

of ca lcu la t ing  pl according t o  t h e  formulas i n  Refs. 2, 6 and according 
t o  formula (3) of t h e  present  work agree.2 I n  s p i t e  of  t h i s ,  however, 
t he re  i s  q u i t e  a l a r g e  divergence between them f o r  l a r g e  f i e l d  
s t rengths .  

It can be seen i n  t h e  graph t h a t  a l ready  a t  Eo = En t h e  

= 3En it i s  5-15 times as l a rge .  
0 

The l a t t e r  d id  not  t ake  i n t o  account 

2 2  

During experimental i nves t iga t ion  of t h e  dependence of p' on P, 
t h e  power of t h e  per turbing s t a t i o n  changed i n  Ref. 8 by up t o  100 kw, 
while i n R e f s .  5 ,  11 it reached as much a s  520 kw ( the  d i s t ance  from 
t h e  in t e r f e r ing  s t a t i o n  t o  the  region of i n t e r a c t i o n  i s  r = 190 km, 

6 -1 6 -1 -1 
= 4.9-10 sec , and Q = 2a.400 sec i n  R e f s .  ' "2 

0 = l.O5*lO sec 1 
-1 5 ,  8 and Q = 235.60 sec 

these  experiments with t h e  results of computation by formula (3) f o r  
t h e  same condi t ions i s  shown i n  Figure 2. It i s  apparent from the  
diagram t h a t  t h e  experiments described i n  Refs. 5 ,  8, 11 a r e  not  i n  con- 
t r a d i c t i o n  wi th  theory.  A t  t h e  same t i m e ,  t h e  statement,  made i n  Refs. 
4, 5 on the bas i s  of these  experiments, t h a t  t h e  e f f e c t i v e  e l e c t r o n  

i n  R e f .  11). A comparison of t h e  results of 

'In construct ing t h e  curves i n  Figure 1 it i s  assumed t h a t  E = E 

E and E 

turb ing  wave a t  t h e  "average" poin t  of t h e  i n t e r a c t i o n  region and on t h e  
border of t h e  plasma; f o r  curves 2 ( t h e  same as i n  Ref. 6 ) ,  E = Eo exp 

{-l}. 
t r a r y  i n  the  old theory,  makes i t s e l f  very s t rongly  f e l t  i n  t h e  va r i a -  
t i o n  of the  curve pl(P) i n  t h e  case of a s t rong  per turbing wave. 
2 

where 
0' 

a r e  respec t ive ly  t h e  amplitudes of t h e  f i e l d  vol tage  of t h e  per -  0 

From Figure 1 it i s  apparent t h a t  t h e  choice of E, which i s  a r b i -  

For t h i s  t h e  indeterminate constant  K2 = %J%ds  , en te r ing  i n t o  the  
C 

formulas of Refs. 2, 6, i s  appropr ia te ly  chosen. 
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Figure 2. The dependence of CL'/P'  on P f o r  t h e  

condi t ions i n  Ref. 11 (curve 1) and i n  Refs. 3, 8 
(curve 2); 0 ,  x a re  respec t ive ly  t h e  r e s u l t s  of ex- 
periments i n  Refs.  8, 11 

max 

temperature changes less than 10 percent under t h e  influence of a 520 
kw perturbing wave i s  unfounded, because i n  t h e  case under examination, 
ev ident ly ,  it i s  not  poss ib le  t o  determine t h e  devia t ion  of t h e  func- 
tPon pf(P) from t h e  l i n e a r ,  even i f  t h e  e f f ec t ive  temperature changes 
by 50 percent  (see Figure 2) 

'Evaluating En f o r  t hese  condi t ions we have: En 5 27.5 mv-rn-', whereas 

f o r  P = 520 kw: Eo = 36 cos B + 20 mv'm-l. 

of t h e  f a c t  t h a t  because of t h e  influence of t h e  e a r t h ' s  magnetic f i e l d  
f o r  y e w H  t h e  t o t a l  vector  of t h e  e l e c t r i c  f i e l d  i n t e n s i t y  does not 

a c t  i n  causing the  per turba t ion  i n  t h e  plasma, b u t  instead only i n  i t s  
p ro jec t ion  along t h e  d i r e c t i o n  of t h e  magnetic f i e l d  E cos B; t h e  aver -  
age value of cos B i s  about 0.58. Hence, t h e  per turbing wave a t  maximum- 
rad ia ted  power P = 520 kw caused a change i n  t h e  e f f e c t i v e  e l ec t ron  tern- 
pera ture  on t h e  average of about 50 percent, i . e . ,  it was not  s u f f i c i e n t -  
l y  s t rong .  This l a t t e r  circumstance was due mostlLy t o  t h e  f a c t  t n a t  tne 
reg ion  of i n t e r a c t i o n  w a s  located a t  a s u b s t a n t i a l  d i s t ance  from t h e  
i n t e r f e r i n g  s t a t i o n  (r  3190 km); if the  i n t e r a c t i o n  had taken place 
d i r e c t l y  above t h e  per turbing s t a t i o n  (r r~ 100 km), it would have been 

Here considerat ion i s  taken 
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Formula (3) was obtained above under t h e  condition t h a t  p i s  s m a l l .  
0 

Analysis shows, however, t h a t  it can be used t o  ca l cu la t e  p 1  with  good 
accuracy ( t o  15 percent) f o r  any value of po. 

It i s  a l s o  necessary t o  note t h a t  cross-modulation of r ad io  waves 
i n  plasma was examined only f o r  low modulation frequencies B < b .  I n  
o rde r  t o  solve t h e  problem f o r  an a r b i t r a r y  value of Q ,  it i s  f i rs t  
necessary t o  f i n d  t h e  nature  of t h e  per turbat ions caused by t h e  i n t e r -  
f e r i n g  wave t o  t h e  e f f e c t i v e  e l e c t r o n  temperature i n  t h e  general  case 
(see Ref. 2 0 ) ,  and then determine how t h e  absorption o f  t h e  wave E 

changes under t h e  influence of t hese  per turbat ions.  
operations lead t o  t h e  simple r e su l t  f o r  t h e  case of small p (p c 1/2), 

and f o r  high frequency of t h e  per turbing wave ( w l p  v o ) :  

2 

The appropriate  

0 0% 
2 2  

where ~ ' ( 0 )  i s  given by expression (3).  
t h a t  the dependence of t h e  percentage of cross-modulation and the  phase 
of cross-modulation on Q ,  obtained i n  R e f .  1, preserves i t s  general  ap- 
pearance i n  t h e  case being examined; it i s  only necessary t o  exchange t h e  
Y of Ref. 1 (an "average" c o l l i s i o n  frequency i n  t h e  region of i n t e r a c -  
t i o n )  f o r  Y z 

From equation ( 5 )  it i s  apparent 

0 0' 

(footnote continued from previous page) 
possible  t o  expect a more s u b s t a n t i a l  nonl inear i ty  i n  t h e  dependence of 
pf on P (see Figure l a ) .  However, t h e  non l inea r i ty  appears most c l e a r l y  
f o r  low values of w I n  order  t o  observe most c l e a r l y  ( see  Figure l b )  . 

2 
t h e  nonl inear i ty ,  it i s  necessary t o  make observations f o r  a s u f f i c i e n t l y  
l a r g e  number of values of P, some measurements being made f o r  small 
values  of P-50-100 kw ( i n  order  t o  f i n d  t h e  path of t h e  s t r a i g h t  l i n e  
showing l i n e a r  dependence of CL' on P) . We a l s o  note  t h a t  i n  Refs. 5 ,  8 
t h e  frequency of modulation was poorly chosen ( f o r  high modulation fre- 
quencies t h e  dependence of 
t i o n  ( 5 ) ) .  

on P i s  more c l o s e l y  l i n e a r )  (see equa- 



11 

2 .  Resonance of t h e  Cross-Modulation near t h e  Gyrofrequency 

I n  examining t h e  question of resonant increase of t h e  percentage of 
of t h e  per turbing wave which are very cross-modulation a t  f requencies  w 

c lose  t o  t h e  gyrofrequency wH, it su f f i ces  t o  consider only t h e  i n f l u -  

ence of an extraordinary per turbing wave,' i n so fa r  as an ord inary  wave 
causes only a neg l ig ib l e  cross-modulation (p'  & 1 percent f o r  P ,< 500 
kw), and besides ,  t h e  per turba t ions  caused by t h i s  wave i n  t h e  plasma do 

1 

not  possess resonant proper t ies  a t  0 1 - 0 ~  . Then t h e  percentage of 

cross-modulation as before  i s  determined by formula ( 3 ) ,  where it i s  

necessary t o  replace w1 by w;*=(u)i - O H ) '  and E by E; = E /fl ( see  Refs.  2 
0 0 

'Here for s impl ic i ty  it has been assumed t h a t  t h e  i n t e r f e r i n g  wave i s  
propagated longi tudina l ly .  We note  i n  t h i s  connection t h a t ,  as Zhelez- 
nyakov has  shown i n  Ref. 22, i n  t h e  case of nonlongitudinal propagation 
of t h e  i n t e r f e r i n g  wave t h e  dependence of p on w can, genera l ly  speaking, 
change i n  consequence of t h e  inf luence of po la r i za t ion  cor rec t ions .  Spe- 
c i f i c a l l y ,  resonance e f f e c t s  no longer occur a t  t h e  gyrofrequency (wres = 

b u t  a t  another frequency, t h e  magnitude of which changes from w t o  H 
-- 

'JR) , 
b D H f i + ~ o a / W $  

-O== ?4xNs8/m i s  t h e  Langmuir frequency o f  t h e  plasma).  

depending on t h e  d i r ec t ion  of propagation of t h e  wave (here  

However, t h e  exam- 

i n a t i o n  being car r ied  out  i n  the  present sec t ion  shows t h a t  resonance of 
t h e  cross-modulation i s  accomplished only under t h e  condi t ion t h a t  t h e  
i n t e r a c t i o n  of t h e  waves takes  place a t  t h e  beginning of t h e  ionospheric 

6 l a y e r  i n  t h e  reg ion  where t h e  Langmuir frequency i s  not  l a r g e  (w 62-10 ).  

The r o l e  of t h e  po la r i za t ion  correct ion under these  condi t ions i s  n e g l i -  
g ib le :  f o r  example t h e  s h i f t  of t h e  resonance frequency i s  

0 

t 00' 
< - ~ < ~ / a  . Due t o  t h i s ,  t h e  resonance e f f e c t  and the  shape Ores-OH 

W H  2 H  

nf the resonance curve i n  t h e  f i rs t  approximation do not  depend on t h e  
d i r e c t i o n  of propagation of t h e  perturbing wave, hence it s u f f i c e s  t o  
l i m i t  ourse lves  t o  t h e  s imple  case of longi tudina l  propagation. 
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20, 21). However, as has  been noted 
formula (3) a r e  no t  f u l f i l l e d  i f  t h e  

above, t h e  condi t ions f o r  applying 

2 
po in t  of r e f l e c t i o n  of t h e  wave E 

l i e s  i n  t h e  region of  i n t e rac t ion .  
(Refs.  15, 16) i n  which resonance was observed, t h e  v i c i n i t y  r i g h t  a t  
t h e  point of r e f l e c t i o n  of t h e  wave E2 was subjected t o  per turba t ion ;  

t h i s  circumstance i s  emphasized i n  R e f .  16. 
t o p i c  of cross-modulation resonance near  t h e  gyrofrequency it i s  neces- 

A t  t h e  same t i m e ,  i n  t h e  experiments 

Therefore,  i n  examining t h e  

sary  t o  make allowance f o r  
po in t  of r e f l e c t i o n  of t h e  

Assume f o r  s impl i c i ty  

( the  frequency of t h e  wave 

t h e  inf luence of t h e  i n t e r f e r i n g  wave on t h e  
wave E2. 

t h a t  t he  i n t e r f e r i n g  wave i s  weak and t h a t  o 

E2) i s  l a r g e r  than  t h e  c o l l i s i o n  frequency, 
2 

u of an e lec t ron .  I n  t h i s  case, t h e  percentage of cross-modulation i s  

determined by t h e  following expression ( R e f .  7, Sec t ion  64): 
0' 

where AU i s  the  amplitude of t he  per iodic  per turba t ions  of t h e  c o l l i s i o n  
frequency of an e l e c t r o n  which are caused by t h e  i n t e r f e r i n g  wave, x i s  

CO, '=U) , -OH,  and E ( s )  i s  t h e  coe f f i c i en t  of absorpt ion of t he  wave E 

t h e  amplitude of t he  per turbing wave a t  poin t  s; t h e  i n t e g r a t i o n  i s  car -  
r ied  out over t h e  whole pa th  of t h e  wave E2 i n  t h e  plasma s. 

take  in to  account t h e  f a c t  t h a t  f o r  

t h e  wave E2 i n  t h e  ionosphere ( including t h e  poin t  of r e f l e c t i o n )  i s  a l -  

most always given by t h e  formula: 

2 

2' 

We now 

o , ~ > > Y ~ ~  t h e  t o t a l  absorp t ion  of 

where z i s  t h e  poin t  of r e f l e c t i o n  of t h e  wave E CY and t are t h e  
0 2' 2 2 



. 

conduct ivi ty  and d i e l e c t r i c  pe rmi t t i v i ty  f o r  t h i s  wave.' 
t r i v i a l  t ransformation i n  equat ion (7) , 

Then making a 

(9 

i n  t h e  expression f o r  p '  and remembering t h a t  

i s  t h e  angle of incidence of t he  wave E*), s u b s t i t u t i n g  equat ion (7) 
2 

it i s  easy  t o  ca r ry  out  t h e  in t eg ra t ion  i n  equat ion (6) and obta in  t h e  
fol lowing expression f o r  t he  percentage of cross-modulation: 

'In f a c t ,  taking advantage of t h e  known exac t  so lu t ion  f o r  t h e  l i n e a r  
l a y e r  ( see  Ref. 7, Sec t ion  6 6 ) ,  i t  i s  easy t o  show t h a t  formula (7) i s  
co r rec t  f o r  t h e  l i n e a r  layer :  

(here  a + pz/z Jo in ing  now, as i s  common, t h e  so lu t ion  f o r  

t h e  l i n e a r  p a r t  wi th  t h e  approximation of geometric o p t i c s  f o r  t h e  re- 
maining p a r t  of t h e  l a y e r  and t ak ing  in to  account t he  f a c t  t h a t  i n  t h e  
region where geometric o p t i c s  i s  appl icable  t h e  c o e f f i c i e n t  of absorpt ion 

= 4aa/w). 
0 

x equals  ' 2 x d m f i  with  accuracy O(IVO~/@'), we a r r i v e  a t  formula (7). W e  

no te  t h a t  'I =r,(ac/a2a)~,4/4(br/d2)~,5 and, consequently, formula (7) i s  i n -  

app l i cab le  only f o r  (dc/&)z*x e o ,  i . e .  , f o r  f requencies  c lose  t o  t h e  

c r i t i c a l  frequency of t h e  l a y e r .  
0 
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20 

Here q = 2 j x l &  C i s  t h e  absorpt ion of 

po in t  of r e f l e c t i o n  of t h e  wave E 

0 

and 2' 

t h e  d i s tu rb ing  wave up t o  t h e  

cos y? -- vc 1 v G 
f (iq) = -- 210, XI exp 1- 2 4  -- dz. 

c 
U 

' J  
U 

v e1 

0 If i n  equation (8') we s e t  et=:;" (0)=coszy, , then f (K1) z 0 and 

formula (8) coincides  wi th  formula (3) ( f o r  n = cos q2, nl = l), as it 

must  be.' Consequently, &' = p& f (K1) i s  t h e  change i n  p ' ,  which a r i s e s  

on account of t h e  dev ia t ion  of c ( z )  from i t s  value a t  t h e  boundary of 

t h e  plasma (e (0) = cos2 9 ); t h e  l a r g e s t  con t r ibu t ion  t o  &', n a t u r a l l y ,  

i s  given by t h e  region surrounding t h e  poin t  of r e f l e c t i o n  of t h e  wave 
E*, a t  which c 2  ,U 0. The form of t h e  func t ion  f(q) i s  only s l i g h t l y  

dependent on t h e  charac te r  of  t h e  change of  t h e  e l e c t r o n  d e n s i t y  N(z) 
with  the he ight  z .  This  can be seen from Figure 3 which shows graphs of 

2 
0 

2 

2 2 

'It i s  necessary t o  note  that  gene ra l ly  speaking t h e  f a c t o r  1/2 mus t  ap- 
pear i n  formula (8) on account of t h e  f a c t  t h a t  t h e  e f f e c t i v e  power of 
an extraordinary per turbing wave i s  only h a l f  as l a r g e  as t h e  power of 

a plane polar ized wave (E' = E 0 / D ) .  

assumed t h a t  t h e  whole path of t he  wave i n  t h e  plasma i s  sub jec t  t o  i n -  
te r fe rence ,  whereas above ( i n  Sec t ion  1) t h e  cross-modulation was exam- 
ined only f o r  one d i r e c t i o n  of t h e  pa th  of t h e  wave E ( f o r  example, up 

t o  the  point of r e f l e c t i o n ) ;  t h i s  i s  what l eads  t o  t h e  inverse  f a c t o r  2. 

However, i n  formula (8) it i s  0 

2 



10. 

Figure 3 

--------- 
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0 
/ 

/ 

0 t h e  func t ion  f(K1) f o r  various types of dependence of N on z: 

No(z/zo) , where n = 1, 3 , a .  

t h e  curve 1 - exp {-XI}; comparing it wi th  t h e  curve f(K1), we see t h a t  

f o r  small values of 8 a considerat ion of t h e  cor rec t ion  4' i s  q u i t e  

important, while  f o r  l a r g e  K1 t h e  cor rec t ion  i s  negl ig ib le ,  as it m u s t  

be; t h e  m a x i m u m  value of Apf i s  1.5-2 times smaller than  p&,. 

N = 

n The broken l i n e  i n  t h e  same f i g u r e  p l o t s  

0 0 

1 
0 

Now l e t  u s  examine expression (8). F i r s t ,  it follows from it t h a t  
t h e  percentage of cross-modulation depends only s l i g h t l y  on t h e  fre- 
quency of t h e  i n t e r f e r i n g  wave i n  t h e  cases  when t h e  i n t e r f e r i n g  wave 
a t t enua te s  s u f f i c i e n t l y  i n  t h e  region of i n t e r a c t i o n  ( i .e . ,  f o r  q> 1): 

From t h i s  it i s  c l e a r  t h a t  t h e  percentage of cross-modulation a t  t h e  
gyrofrequency (for  w NN wE) does not necessar i ly  exceed t h e  percentage 1 

of cross-modulation a t  some o the r  frequency w f o r  which K 1 3  0 1. The 1 
reason f o r  t h i s  e f f e c t  i s  tha t ,  although t h e  ex t raord inary  wave E f o r  1 
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O+WH does cause very s t rong per turba t ions  i n  t h e  plasma, it damps o u t  

i n  a very t h i n  l aye r .  

d i f f e r e n t  from the  gyrofrequency, then, although t h e  per turba t ions  it 

Conversely, i f  t h e  frequency El i s  s u b s t a n t i a l l y  

causes a re  s u b s t a n t i a l l y  weaker than l o r  ( ~ , = W H ,  t h e  d is turbed  l a y e r  

i s ,  correspondingly, s u b s t a n t i a l l y  th i cke r .  Therefore,  t h e  t o t a l  per-  
centage of cross-modulation does not depend on t h e  frequency of t h e  per-  
tu rb ing  wave, i f  t h e  wave E 

(K ,- 1); i n  t h i s  case " fu l l " ,  as it were, cross-modulation t akes  place.  

passes  through t h e  whole perturbed l a y e r  
2 

0 
1 2  

This conclusion (as was a l s o  made i n  R e f .  3) i s  i n  agreement wi th  
t h e  results of experiments ca r r i ed  out  i n  &gland ( R e f s .  5 ,  8, 11). I n  

these  experiments, t h e  cross-modulation f o r  

4.9010 

sec - l ,  u2 = 4.9010 sec 

w2 decreases,  t h e  m a x i m u m  value of t h e  percentage of cross-modulation 

increases  propor t iona l ly  t o  1 / w 2  :' 

w , ~ w ~ ,  P ~ 1 0 0  kw, w2 = 

6 6 sec'l w a s  no t  s t ronger  than  t h a t  usua l ly  observed f o r  w = 10 1 
6 -1 and P ,+ 100 kw (see In t roduct ion) .  

However, from formula (8) it a l s o  fol lows t h a t  when t h e  frequency 

2 

This  re la t ionship ,  as can be seen i n  Figure 4, i s  supported by t h e  d a t a  
of a l l  experiments on cross-modulation a t  t h e  gyrofrequency. 

'Here it is important t h a t  i n  t h e  d e r i v a t i o n  of formula (8) t h e  i n f l u -  
ence of t h e  e a r t h ' s  magnetic f i e l d  on t h e  wave E2 i s  neglected,  which 

i s  j u s t i f i e d  only f o r  an ord inary  wave undergoing t r ansve r se  propagation. 
I n  equation ( 9 ? )  it i s  assumed t h a t  t h e  d i s t a n c e  from t h e  i n t e r f e r i n g  
s t a t i o n  t o  the  region of i n t e r a c t i o n  i s  equal  t o  100 km; moreover, t h e  
f a c t  t h a t  t he  per turbing wave does n o t  always propagate long i tud ina l ly  
i s  taken i n t o  account ( t h i s  l e a d s  on t h e  average t o  a decrease of t h e  ef-  
f e c t i v e  power by 1 .5  times). 



G l a x  3 6 2  10 F = - - as a func t ion  of (10 /w ) 
2 

Figure 4. 
Po 

I n  analyzing t h e  va r i a t ion  of  t h e  dependence of p 1  on w f o r  low 1 

values of w2, we become convinced t h a t ,  i n  t h a t  case when w1 i s  c lose  t o  

%, a wel l  defined resonant increase i n  t h e  percentage of cross-modula- 

t i o n  t akes  place.  The reason f o r  t h e  resonance i s  t h a t  t he  wave E2 f o r  

low frequencies  of w2 (or  f o r  a l a r g e  angle of incidence 9 ) propagates 

only wi th in  a very t h i n  l aye r  of plasma, due t o  which " f u l l "  cross-  

modulation (K 3 1) takes  place only when w1 i s  close t o  w 

t i o n  i n  p' as a func t ion  of o f o r  w,-a,, and f o r  low frequencies  of 

t h e  wave E2 i s  p lo t t ed  i n  Figure 5a (so l id  curves) .  

t h e  diagram t h a t  t h e  resonance curve has e i t h e r  one hump o r  two humps; 

I 

2 

0 
1 H' The va r i a -  

1' 
It i s  apparent from 

0 two humps are c l e a r l y  evident  i n  t h e  cases when K1(wH) > 1. The broken 

l i n e  i n  t h e  same f igu re  shows t h e  curve constructed without t ak ing  i n t o  
account t h e  inf luence of t h e  perturbing wave on t h e  poin t  of r e f l e c t i o n  
of t h e  wave E from t h e  f i g u r e  it i s  evident t h a t  taking Ap' i n t o  ac-  

count s u b s t a n t i a l l y  inf luences t h e  shape of t h e  resonance curve. The 
shape of  t h e  resonance curves drawn i n  Figure 5a agrees  very w e l l  w i th  
experiment. 

2; 
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a J 

Figure 3 

Figure 5b shows t h e  known curves (Ref. 2) which dep ic t  No 9 as a 
0 

w1 

WH 
func t ion  of -. 
curves i n  Figure 5a. 

They a r e  constructed f o r  t h e  very same cases  as t h e  

Comparing both f i g u r e s ,  we become convinced t h a t  

t h e  va r i a t ion  of !-t' and N as func t ions  of t h e  frequency w d i f f e r s  
0 0 v n  v s u b s t a n t i a l l y .  1 

3. The Phase of Cross-Modulation 

I n  Ref. 3 it i s  shown t h a t  t h e  result of  ca l cu la t ing  t h e  c ross -  
modulation wi th  the  he lp  of k i n e t i c  theory,  t ak ing  i n t o  account t h e  
e l ec t ron  ve loc i ty  d i s t r i b u t i o n  i n  t h e  plasma, agrees  wi th  an accuracy 
of  not less than 10-15 percent  wi th  t h e  resul t  of t h e  usua l ly  accepted 
"elementary" theory (Ref. 1). However, an expression f o r  t h e  e l ec t ron  
ve loc i ty  d i s t r i b u t i o n ,  and consequently a l s o  f o r  t h e  percentage of 
cross-modulation, was found only f o r  t h e  extreme ins tances  of high 

(Q >> 8v) or low (Q<< 8v) modulation f requencies .  Spec i f i ca l ly ,  t h i s  made 

it impossible t o  determine t h e  phase, @, of t h e  cross-modulation as a 
funct ion of t he  modulation frequency. A t  t h e  same t i m e ,  measurements 

'In ,Ref. 2, it w a s  assumed t h a t  t he  depth  of t h e  cross-modulation i s  

proport ional  t o  N a, where No i s  the e l e c t r o n  d e n s i t y  a t  t h e  po in t  of  

r e f l e c t i o n  of t he  wave E 
O 

2' 



of 9' as a funct ion of fl i n  cross-modulation are t h e  most accura te  (Refs. 
8, 10) and, therefore ,  it i s  important t o  know t o  what resul t  k i n e t i c  
theory l eads  i n  t h i s  case (elementary theory leads,  as i s  well-known, t o  I 

I 

t h e  simple r e l a t i o n  t g  qelem = Q/SV). 

The result of t h e  appropriate  ca lcu la t ion  i s  developed i n  t h e  pre-  

The following approximations f o r  t h e  d i s t r i b u t i o n  func t ion  are 
sen t  sec t ion .  
weak. 

For s impl ic i ty ,  t h e  i n t e r f e r i n g  wave i s  assumed t o  be 

I found by t h e  u s u a l  method i n  t h e  power s e r i e s  expansion of 8v0/Q ( f o r  

P>%) and of Q/b0 ( f o r  Q<bv0).  These have t h e  following appearance 

if Q < a v o ,  and 

i f  Q>b0 . Here u = v / ~ 2 k T / m ,  and f (v)  i s  t h e  Maxwell d i s t r i b u t i o n  

func t ion  f o r  t h e  e l ec t ron  v e l o c i t i e s .  

00 

Calculat ing the  phase of t h e  cross-modulation, we f ind  t h a t  f o r  

Q<%l : 

while f o r  O))6v0 : 
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tg 'f; = - Q [ 1 + & (ajs] = [ 1 3-0.22 (?)a]. 
by0 

The expressions obtained make it possible  t o  determine (approximate- 
1 Y )  t g  Ipk' / t g  flem as a funct ion of 

A s  can be seen from t h e  f i g u r e ,  t h e  devia t ion  from t h e  resu l t  of elemen- 
t a r y  theory i s  r a t h e r  g rea t ;  apparently,  it can be experimentally 
checked. 
t h e  character  of t h e  e l e c t r o n  v e l o c i t i e s  d i s t r i b u t i o n  i n  t h e  ionosphere 
( i n  the present  computation, it has been assumed t o  be Maxwellian). 

?/bo. This i s  shown i n  Figure 6. 

The appropriate  measurements would permit one t o  e s t a b l i s h  

Figure 6 
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